We investigate the possibility to have a constraint on the mass of thermal warm dark matter (WDM) particle from the expected data of the Wide Field Infrared Survey Telescope (WFIRST) survey if all the dark matter is warm. For this purpose we consider the lensing effect of large scale structure based on the warm dark matter scenario on the apparent magnitude of SNe Ia. We use halofit as non-linear matter power spectrum and the variance of PDF. We preform a Fisher matrix analysis and obtain the lower bound of m WDM > 0.167keV.
INTRODUCTION
Based on the various observations such as the cosmic microwave (Ade et al. 2016; Aghanim et al. 2018 ) and the large scale structure of the universe (Aguado et al. 2019) , Λ cold dark matter (ΛCDM) model is now regarded as the standard model of cosmology, namely, the universe is totally flat and consists of baryonic matter with Ω b,0 = 0.049, cold dark matter with Ω CDM,0 = 0.268 and the dark energy Ω DE,0 = 0.683 where Ω X,0 is the density parameter of the component X at the present.
However, recent more detailed observations and simulations pointed out some discrepancies between theoretical predictions and observational results at small scales, such as the missing satellite problem (e.g. Klypin et al. (1999) ), the core-cusp problem (e.g. Moore et al. (1999) ) and the toobig-to-fail problem (e.g. Boylan-Kolchin et al. (2011) ). The missing satellite problem is that the number of DM subhalos which be predicted N-body simulation is much greater than the number of actually observed satellite galaxies of our galaxy and M31. The core-cusp problem is that the ΛCDM model predicts DM halo has a cuspy density profile which diverges in the central region, but observation of the rotation curves of DM dominated galaxies show that central core density profile has a constant mass density. The too-big-tofail problem is that ΛCDM simulations show much denser central density than the actually observed the central density of massive dwarf galaxies around our galaxy.
These problems seem to be serious difficulties for the cold dark matter scenario of structure formation and thus there are some proposals to solve these difficulties. Among them we here focus on the idea that the dark matter is not cold but warm (WDM) (Colombi et al. 1996; Bode et al. 2001) .
The nature of WDM that can solve the above problems is its longer free streaming scale. WDM behaves like CDM at large scales, but at small scales it has the effect like neutrino. This effect depends on the WDM particle mass, therefore, it is important to find some method using available observational data to determine the mass. As candidate of WDM particle, two possibilities are considered: thermal WDM and sterile neutrino. In this paper we are concerned with thermal dark matter particle, described in 2.1. Many simulations have suggested that the required mass to solve above problems is of the order of 1keV. Furthermore, there are some studies for the estimation of the mass of the WDM particle from various observations. For example, Irsic et al. (2017) shows m WDM ≥ 5.3keV (at 2σ CL) from the Lyman α (Lyα) forest data. Inoue et al. (2015) shows m WDM ≥ 1.3keV (at 2σ CL) from weak lensing effect by line-ofsight structures in QSO-galaxy quadruple lens systems using high-resolution N-body simulations. Markovic et al. (2011); Smith & Markovic (2011); Martins et al. (2018) study the possibility of constraining the mass from galaxy observations (such as cosmic shear power spectrum and galaxy angular power spectrum).
In this paper, we give another possible method to con-strain the mass of the WDM particle by using the effect of weak lensing on the magnitude-redshift relation of SNe Type Ia. SNe Type Ia is known as the cosmological "standard candles" and has played an important role to constrain some of the cosmological parameters (recent observation result: Abbott et al. (2019) ). Furthermore, there are many studies on the effect of weak lensing on the observation of SNe Ia.(e.g. Smith et al. (2014) ). Unlike other method, such as using galaxy clustering and the Lyα forest, the lensing effect on SNe Ia does not suffer from bias problem. Unlike galaxies, SNe are point sources and thus are directly affected by all matter along the line of sight. These facts led Smith et al. (2014) to conclude that the lensing effect is important for the next generation of surveys which will observe many SNe Ia at high redshift. The lensing effect on redshift has been studied in detail by Hada & Futamase (2016 , 2018 and is used to constrain the cosmological parameters in the ΛCDM universe. They used the probability distribution function (PDF) of the SNe Ia magnitude which were derived from the convergence PDF. In this work, using non-linear power spectrum applied to the pure WDM model, Fisher analysis is performed on m WDM and Ω m according to Hada & Futamase (2016 , 2018 . The outline of this paper is as follows. In Section 2, we introduce the PDF for the apparent magnitude of SNe Ia in the WDM model. In Section 3, we describe the analysis method and show our results. Finally, we discuss and conclude in Section 4.
PDF IN THE WDM MODEL
In this section, we introduce the PDF of the apparent magnitude fluctuations of SNe Ia from the non-linear matter power spectrum of the WDM model. In Section 2.1, we introduce the pure WDM model according to Colombi et al. (1996); Viel et al. (2005) . Before explaining the transfer function of power spectrum for WDM model, we explain some detail of WDM modeling and WDM candidates, thermal WDM and sterile neutrino. We show that there are three independent parameters in the model and is one-to-one correspondence between these candidates. In Section 2.2, we introduce the variance of the Gaussian PDF of the magnitude in the ΛCDM model and apply to the WDM model.
Warm Dark Matter Model
The influence of WDM is the same as CDM at large-scale but different at small-scale. The difference between WDM and CDM can be cleary seen in the matter power spectrum because their velocity dispersion at mater-radiation equality (t eq ) are different and thus we can check their features through the matter power spectrum. In this paper, we assumed WDM dominated universe, i.e. all DM (∼ 26%) is WDM. Therefore, we can express the power spectrum in the WDM models by applying a modified transfer function in the ΛCDM models. Before that, we will mention a little more about WDM candidates.
There are two candidates for WDM, thermal WDM and sterile neutrino. The former can be considered as a generalization of case of massive neutrinos. WDM particles decoupled earlier than the standard model neutrinos (Colombi et al. (1996) ; Viel et al. (2005)),
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where the factor (4/11) 1/3 comes from the ratio between neutrino temperature after its decoupling and the photon temperature T γ . T D is the temperature of the universe,
is the effective number of degree of freedom of the WDM particles, and both are when WDM particle decoupled from other species. On the other hand, according to Dodelson & Widrow (1994) , the sterile neutrino is not considered to be in thermal equilibrium, and is the right-handed component in the forth generation of neutrinos. While sterile neutrino is produced from neutrino oscillations, assuming the constancy of g * , the density parameters of both types of WDM candidates are described as follows
where β = (T WDM /T ν ) 3 for the thermal WDM, where T ν is neutrino temperature, β = χ for sterile neutrino with χ is an arbitrary normalization factor. Thus we can take ω WDM , m WDM , andT WDM as independent parameters in the WDM model. Further, when we use ω WDM and m WDM /T WDM as parameters, it can be shown that the thermal WDM mass m thermal and the sterile neutrino mass m sterile are in one-toone correspondence,
In this paper, WDM is treated as thermal WDM. Next, we consider the matter power spectrum P(k) in the WDM model. The free streaming scale of WDM particle can be written as
The structures below this scale are suppressed. This effect can be represented by the power spectrum of ΛCDM by applying the following modified transfer function.
For linear matter power spectrum, Bode et al. (2001) showed the fitting formula from full Boltzmann code calculation and Viel et al. (2005) revisited the best fit parameters. They considered pure warm dark matter model in which our universe contains only warm dark matter. Based on these, Viel et al. (2012) also determined the fitting formula for nonlinear power spectrum as follows.
where ν = 3, l = 0.6 and s = 0.4. As one can see in Viel et al. (2012) , when dealing with the non-linear power spectrum of the WDM model, one may think of halo model instead of the above fitting formula. According to the comparison between the two approaches and simulation, the above fitting formula is more consistent with simulation than halo model at k < 10hMpc −1 . Since this wave number range is important for considering the weak lensing effect, we used fitting formula using halofit (Mead et al. (2016) ) as the P nonlin CDM in this paper. In Fig.1 we show the ratio of the nonlinear power spectrum of the WDM models and the ΛCDM models. Note, we use CAMB (Lewis et al. (2000) ) for this calculation.
PDF for SNe Ia in the WDM model
The distance-redshift relation in an realistic inhomogeneous universe has been studied by many authors (e.g., Dyer & Roede 1972; Futamase & Sasaki 1989; Okamura & Futamase 2009 ). The fluctuation of apparent magnitude of SN Ia due to inhomogeneities in matter distribution of standard is linearly related to the fluctuation of matter density when the former fluctuation is sufficiently small. This fact can be used to withdraw the information of matter distribution in the universe from SNe Ia observations. On the other hand the matter distribution critically depends on the nature of DM. Thus it is reasonable to expect that a useful constraint for the nature of DM is obtained from the lensing observation of SNe Ia. In Section 2.2.1, 2.2.2, We introduce our method according to Hada & Futamase (2016 , 2018 and actually apply to the WDM model in Section 2.2.3.
The fluctuation of the apparent magnitude of SNe Ia
The apparent magnitude m is defined by the flux f from the light source as follows, m = −2.5 log 10 f + const.
(2.8)
We set the apparent magnitude actually observed as m obs , the one observed in the uniform isotropic universe as m true , and their difference as δm. The factor of δm is divided into two parts, δm tot = δm lens + δm othe = −2.5 log 10 f lens f no−lens + δm othe , (2.9)
where δm tot = δm, δm lens is the fluctuation due to lensing effect, and δm othe is the fluctuation due to the others including an intrinsic ambiguity of the absolute magnitude. Gravitational lensing is caused by the matter distribution between the light source and observer, therefore, it depends on the source redshift. In general, the lensing effect is larger at higher-redshift. On the other hand, we assume δm othe does not have redshift dependence. we express that σ be the variance of the fluctuation, and σ 2 othe = σ 2 means + σ 2 int according to Hounsell et al. (2018) . The first term on the right side expresses the dispersion of the distance precision per SN with σ means which includes the accuracy of redshift measurement and light-curve fitting. The second term comes from the intrinsic scatter of SNe Ia with σ int which reflects the fact that not all SNe follow distance-redshift relation. Here, we use σ means ≃ 0.08mag, σ int ≃ 0.09mag according to Hounsell et al. (2018) , therefore, we got σ othe ≃ 0.12mag.
PDF of apparent magnitude in ΛCDM models
In this paper, we assumed PDF of δm lens and of δm othe are both Gaussian distribution. We follow Hada & Futamase (2018) to calculate the variance of the fluctuation of lensing effect. The flux magnification µ = f lens / f no−lens due to the lens effect can be expressed using convergence κ and shear γ,
(2.10)
From the result of high-resolution ray-tracing simulations by Takahashi et al. (2011), we neglect the shear effect,
Note that as convergence becomes larger, the approximation ignoring shear is worse. Substituting this into δm lens , δm lens = −2.5 log 10 µ ≃ 5 log 10 |1 − κ|. (2.14)
The variance of the convergence is given by Bartelmann & Schneider (2001) 
where z s is redshift of light source, r(z) is comoving distance, and P nonlin is non-linear matter power spectrum. The total variance is obtained by adding σ 2 lens and σ 2 othe because we consider Gaussian PDF, the expression of σ tot is given by
Application to WDM models
The application of the above expression to the WDM model is obtained by multiplying the transfer function of eq.(2.6) to the power spectrum of eq.(2.15). In Fig.2 and Fig.3 , we showed k 2 P(k) for z = 1 and σ lens for the ΛCDM model and the WDM model, respectively. Next, we show how to select samples of SNe Ia in this paper. Hada & Futamase (2016 , 2018 argued that the necessity of sample section and suggested that SNe, which passed through near galaxies core, may be eliminated, which corresponds to the upper bound of the wave number k ≃ 10h −1 Mpc in the non-linear power spectrum. The chosen range of the wave number is the region the fitting formula and simulation coincide (Viel et al. (2012) ) and at the same time one can eliminate the strong lensing events which is necessary because the above expressions of the lensing dispersion is derived under the approximation of the weak lensing. In this paper we follow their sample section and set k ≃ 10h −1 Mpc as the maximum wave number.
FORECASTS FOR WDM PARTICLE MASS
In this section, we explain our method and estimate the forecast of WDM particle mass with the expected data by WFIRST.
Setting cosmological parameter and SNe Ia data sets
We used CAMB code for computing the matter power spectrum and cosmological parameters based on the results of Table 1 . The index 0 means the parameter at the present z = 0. We assume that dark matter is warm dark matter: Ω CDM,0 = Ω WDM . From eq.(2.6), the case with m WDM = ∞ is identical with pure ΛCDM model and we then use it as a fidcial value.
When we make the forecast, we prepare data sets (Table 2) of SNe Ia which would be observed by Wide Field Infrared Survey Telescope (WFIRST) (Hounsell et al. (2018) ). WFIRST is scheduled to launch in the mid-2020s, expected detect of the order of thousand of high redshift SNe Ia up to z = 1.7. The difference between the WDM model and the ΛCDM model in the matter power spectrum is clearly seen in high redshift, therefore, we choose that survey plan as the next generation of space survey rather than ground survey such as Large Synoptic Survey Telescope (LSST) (Abell et al. (2009) ).
Fisher's Information matrix
Fisher information is useful tool in statistics when one wan to know how much informations on unknown parameters are obtained from the available data (e.g. Ly et al. (2017) ). We consider that the data d is random variable and follows the PDF f θ (d) which has a parameter θ. The Fisher information is given from
where · · · means ensemble average. If there are some parameters θ = {θ 1 , . . . , θ p } (p is the number of parameters), we can use p × p matrix having (x, y) element
It is called Fisher's information matrix. Here, according to Hada & Futamase (2018) , we express f θ (d) as follows
We assume observation data sets are individual.
where z i , δm lens,i and δm other,i are each redshift of ith apparent magnitude, magnitude fluctuation of lens and of other, respectively. m true (z i ) is the mean value, therefore, it is we decided by the standard luminosity distance in the Friedmann Robertson Walker metric. We choose {Ω m0 , m −1 WDM } as our parameters θ. The inverse mass m −1 WDM is more convenient because the fiducial value is m WDM = ∞ is difficult to handle. In the actual calculation the fiducial value is chosen as 10 −5 keV −1 and follow the method developed by Markovic et al. (2011) . The result is shown in Fig.4 and thus m WDM > 0.167keV at 1σ is obtained as a minimal bound for the mass of WDM particle. Although this value is smaller than the values obtained by other methods, it is important to note that our method is independent from other methods and free from bias. We also discuss how to improve the constraint by our method. It is also important to note that if we do not observe the lensing effect in the m-z relation of SNe Ia expected in ΛCDM model, it immediately reject Cold nature of DM.
DISCUSSION AND CONCLUSIONS
We investigated the forecast of constrain on the mass of the WDM particle from weakly lensed SNe Ia for WFIRST. We assumed that the universe is dominated by thermal WDM with the non-linear matter power spectrum from obtained by multiplying a modified transfer function to the power spectrum in the ΛCDM model. Also, we select SNe I samples by setting the wave number upper limit.
It turned out that these condition lead to m WDM > 0.167keV at 1σ. Our result include m WDM ≃ 1keV which is required to solve the difficulties of CDM structure formation scenario, but is not severe compared with constrains obtained from galaxy clustering and the Lyα forest. This is because the difference between σ lens in the WDM model and in the ΛCDM model at k < 10hMpc −1 is very small. Therefore more accurate power spectrum for WDM is required to improve our constraint. Also the improvement of σ othe is essentially important to improve the constraint in our method. In this respect, a huge low-redshift SNe Ia sample expected by LSST may be used to establish a new statistical property to improve the intrinsic ambiguity of the absolute magnitude for SNe Ia. For example, m WDM > 0.406keV at 1σ when σ othe ≃ 0.06 and m WDM > 0.833keV at 1σ when σ othe ≃ 0.01.
In the present work we have used the Gaussian PDF of the convergence, but the PDF of density contrast in ΛCDM model is well approximated by a modified lognormal distribution Takahashi et al. (2011) , and thus the PDF of the convergence will be non-Gaussian. Thus we expect to improve our constraint using non-Gaussian properties of PDF which will be our future work. This paper has been typeset from a T E X/L A T E X file prepared by the author.
